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wave front. As the prisms were of finite size, some evi-
dence of diffraction around the prisms was observed.
Due to the tendency of the diagonal prism faces to as-
sume a bowed position, it was impossible to obtain a
gap of zero width and the gap was not of perfectly uni-
form width along its entire length. As the curves indi-
cate, there is good general agreement between the ex-
perimental results and the behavior predicted theoreti-
cally. It should be noted that transmission to a receiver
at location @ occurs only in the presence of internal
reflections.

CONCLUSION

The prism device is useable as an adjustable bidirec-
tional coupler and as an adjustable attenuator. With
coupling set at three decibels, it can be used as a hybrid
junction. The present paper permits the theoretical cal-
culation of coupling in all directions in the presence of
internal reflections. The adaptability of the prism device
to a wide variety of functions makes it very useful at the
shorter millimeter wavelengths where the elimination of
internal reflections is difficult. The calculations pre-
sented here should prove to be applicable in this case.
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Nonreciprocal Coupling with Single-Crystal Ferrites

HALVOR SKEIE

Summary—A calculation of nonreciprocal coupling in microwave
circuits with small ferrite samples tuned to ferromagnetic resonance
is presented. It is shown that this coupling may be applied to the
construction of simple resonant isolators, gyrators and circulators.
Experimental results for the coupling in rectangular and ridge guides,
applying YIG spheres, are presented. The construction of a simple
X-band waveguide junction, acting as a 4-port resonant circulator,
is described. Such a filter circulator, which may act as a switch or a
frequency selective power divider, can be rnade tunable over the
waveguide frequency range, with a bandwidth in the order of 10 Mc,
and with values of insertion loss and isolation, which are comparable
to those of conventional circulators.

INTRODUCTION

N RECENT YEARS, considerable attention has
I[ been given to polished ferrimagnetic single crystals

for the construction of narrow band filters and mi-
crowave power limiters. This is due to their extremely
low losses when used as resonating elements in filters,
and the fact that coupling to microwave circuits may be
achieved in a very simple way. Also, magnetic tuning
may be accomplished over a wide band of frequencies.

Manuscript received April 27, 1964 ; revised July 13, 1964.
The author is with Laboratory of Electronics, Technical Univer-
sity of Norway, Trondheim, Norway.

Several constructions of band-pass and band-rejec-
tion filters have been reported,’* but little attention
has been paid to nonreciprocal devices, containing high
Q single-crystal ferrite.? The band-pass filters reported
by Carter! and others are nonreciprocal in the sense that
there is a +90° phase shift in one direction of propaga-
tion, and a —90° phase shift in the other direction, but
this nonreciprocity is not primarily wanted.

The first part of this paper consists of an analysis of
the nonreciprocal coupling caused by a small single crys-
tal sample placed in an elliptically polarized microwave
magnetic field, when the sample is tuned to ferromag-

1 P, S, Carter, Jr., “Magnetically-tunable microwave filters using
single-crystal yttrium-iron-garnet resonators,” IRE TRANS. ON
MicROWAVE THEORY aND TECHNIQUES, vol. MTT-9, pp. 252-260;
May, 1961,

2 J. L. Carter, R. A. Moore, and 1, Reingold, “Microwave ferrite
strip line filter and power limiter,” 1961 IRE INTERNATIONAL CON-
vENTION RECORD, Pt. 3, pp. 116-127.

3 The principles of nonreciprocal coupling with application to
poly-~crystalline ferrite post directional couplers have been described
previously in the following. R. W. Damon, “Magnetically controlled
microwave directional coupler,” J. Appl. Phys., vol. 26, p. 1281;
1955.

A. D. Berk and E. Strumwasser, “Ferrite directional couplers,”
Proc. IRE, vol. 44, pp. 1439-1445; October, 1956.
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netic resonance. An extension of the previously de-
veloped equivalent circuit theory for band-pass and
band-rejection filters is made, to cover nonreciprocal
coupling. Formulas for the external Q(Q.,) of the ferri-
magnetic sample in waveguide structures are given.

The last part of the paper consists of a description
with results of measurements on a rectangular wave-
guide junction with an yttrium-iron-garnet sphere used
as coupling element between two guides. Tuned to ferro-
magnetic resonance, this junction acts as a four-port
circulator.

PriNciPLE oF NONRECIPROCAL COUPLING

A small ferrite sample tuned to ferromagnetic reso-
nance may be considered as a radiating magnetic dipole.
We shall here be dealing with spherical samples only,
and in that case the dipole will be circularly polarized,
provided the driving field is relatively small.

If the ferrite sphere is placed in the linearly polarized
magnetic field of a matched microwave transmission
line, we get a reciprocal band-rejection filter which may
be described by the equivalent circuit shown in Fig. 1.

The attenuation of the filter at resonance is

4 — nputpower (1 + 0o/0e)". )

output power

The resultant fields in the transmission line may be con-
sidered as a superposition of the incident fields and the
reradiation fields due to the magnetic dipole. By this,
the external Q factor, Q.., may be defined as

w-U,

=7 2)

where

w=angular frequency
U, =stored energy in the sphere
P.=reradiated power from the dipole.

If the sphere is placed in an elliptically polarized mag-
netic field, the filter will generally be nonreciprocal. The
reradiated power P, consists of two parts, P,, and P,
where

P,,=reradiated power towards generator
P,;=reradiated power towards load.

In the case of nonreciprocal coupling, P,,5~P,;.. From
(2), we have

w- U,

Qex=—'_'
Pry_I"Prl

We may now split the coupling parameter Qe into two
parts, such that.

I/Qex = 1/Qex1 + 1/Qex2 (3)

where
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wU,
Qexl = P,.g

wlUs
QexZ = P” ‘

The nonreciprocity of the filter is now indicated by dif-
ferent values of Qux1 and Q.xs (Fig. 2).

The attenuation formula (1) is not valid in the case
of nonreciprocal coupling. We will derive a new formula
by means of an expression for the incident power Py,

Py = 17*Py + Puy + Po(1 — B)(1 — b%). (4)

The term 77* P, denotes reflected power or power reradi-
ated towards the generator. P, is power absorbed in the
sphere, and the last term denotes transmitted power.
The transmitted field is regarded as a superposition of
the incident field %, and the reradiated field towards the
load —bk,, b being a coefficient of reradiation.

At the resonance point, both r and & are real, and
(4) gives

B 2 2
B -Pa 1 2 B ex ex
(42 Ly n g G Cen
Py b? b Qo Qexl
20,
= : (5)
Qex2

The unloaded Q is defined by Qy=wU,/Py and Q; is the
total loaded Q

1/Ql = 1/Qex1 + 1/Qex2 + I/Qo (6)
Qo
Zo Qex
JIL fYYY'\T,L

oF .

Z,
I 1
LTI
Eg Z,
Oex1 Oexz

Fig. 2—Nonreciprocal filter, schematic.
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Hence, the attenuation formula becomes

PR 1 _ -
1—=0)?* (1~ 20y/Qex2)?

For a reciprocal filter, Qox1 = Qex2 = 2(ex, and the formula

reduces to (1).

If the sphere is placed in a circularly polarized field
with coupling to a “forward” propagation of the waves,
no power will be reradiated towards the generator, i.e.,
the filter will always represent a perfect termination to
the line. If a proper coupling is chosen, an ideal isolator
may be obtained at the resonance point. In that case we
must have

2Ql/Qex2 =1

which means that

QexZ = QO-

Waves propagating in the “backward” direction
through the filter will not couple to the sphere.

If the coupling is made very strong, so that Q:;/Qex2
=1, we see from (5) that the filter will represent a gyrator
at the resonance point. We obtain 180° phase shift and
practically no damping by “forward” propagation and
no coupling by “backward” propagation of the waves.

GENERAL ForMULAS FOR THE COUPLING
PARAMETER Qex

In the general case of nonreciprocal coupling, we
assume that the ferrite sphere is placed in an elliptically
polarized magnetic field in a waveguide or at the junc-
tion of several waveguides. The reradiation from the
sphere at ferromagnetic resonance will generally be dif-
ferent in the two directions of propagation in each guide.
From the definition of the external  introduced in the
preceding section, we get

Queta = Qoo (®)
exl,2 = Yo
Prl,2
where P, .1 is the reradiated power in direction 1 or 2,
respectively.
The absorbed power is given by

Py = — Im [(1/2)uewoym - h*] 9)

where

wo=vacuum permeability
w=resonance angular frequency

vy =volume of the ferrite

m = RTF magnetization of the ferrite
h=external driving RF magnetic field.

(Rationalized mks units are used, m and # measured in
amperes/meter).

If it is assumed that the permanent magnetic field is
directed along the z axis, we may write

My = mees!, my = — jmoee?t,
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The RF magnetization amplitude m, is related to the
external RF magnetic field amplitudes by

WMo = Xx:cehzﬂ + Xxyehvﬂy

where x..%, X«° are components of effective
RF tensor susceptibility.

An approximate solution of the equation of motion
for the magnetization vector yields at the resonance
point (see Carter')

(external)

Qowm Qowm
’ Xoy® = ——

w w

e —

Xexw =

-

where w,= [,uo'yM 0], v being the gyromagnetic ratio,
and M, the saturation magnetization of the ferrite. By
this is obtained

Q

L Vowm .
Mo = —j (hao =+ jhyo). (10a)
w

Assuming an elliptically polarized field such that

hy = — jeh,
where ¢ is a real factor, we may write
 Qown
my = —] ° hzo(1 + €). (10b)
w
Inserting this into (9), we obtain
m02

Pu = 1/2p0w%; (1)

0Wm

From the assumption that the reradiation fields cou-
ple to the sphere in the same way as the originally im-
pressed field, we obtain, for coupling to m.,,

P, = 1/ 200000k rss, (12a)
for coupling to my,
PTZI = 1/2#0(,0‘1)/7%0hwy. (12b)

h::s denotes the x-component amplitude of the reradia-
tion field due to m,, and 4,,, denotes the y-component
amplitude of the reradiation field due to m,. We will
denote the direction of propagation along the negative
y axis by the suffix 1, and the direction along the positive
y axis by the sufiix 2. The power of an incident wave
along direction 2 may be expressed as

Pin = KIIZOx2 = K2h0y2 (13)

where ko, and kg, are the magnetic field components
(amplitudes) at the position of the sphere without the
ferrite. K; and K, are constants given by the coupling
structure and the position of the sphere.

The reradiation field amplitude %,,, and %,,, may then
be found from

Kiltpes? = 1/4M0wvfmolzrzz

K2hryy2 = 1/4uowv;moh,w (14)
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which leads to

hr:m = 4+ Kot
4K,
HowVstto
Hpyy = + . 15
vy 4K, (15)

If h,= —jeh,, we get for the total reradiation field
along direction 2

HowTsi

0
i .
iK. (14 ¢

hrz2 = hrzz + hryx = + (163)

If %o, is assumed to have a symmetric ¥ dependence
and %o, an antisymmetric ¥ dependence, we similarly
get for the total reradiation field along direction 1,

Mowvsmg

st = (1— o). (16b)
By insertion into (8) we finally obtain
Qexl = —8_'15'1_ ’—1—‘ (173)
Mowm Ty (1 — 6)2
8K, 1
Qex2 = (17b)

HoWmTy (1 + 6)2

When e€=0 or €+ «, the coupling is reciprocal, and

8K,
Qexl = Qex2 = fOr € = 0
MoWmUy
8K,
Qexl = Qexz = for e— —__l_ *,
HowmTly

When e= +1, the magnetic RF fields are circularly po-
larized, and either Quz1 or Qex2 will be infinite.

ANALYSIS AND MEASUREMENTS OF COUPLING
PARAMETERS IN RECTANGULAR AND RIDGE
WAVEGUIDES

In a matched rectangular wave guide, propagating
power in its principal mode, the magnetic field is ellipti-
cally polarized. The ellipticity and the direction of rota-
tion vary as a function of the coordinate x, the field
being linearly polarized at the center, and at the side
walls of the guide, 7.e., for x=0 and x= +a/2 (Fig. 3).

ol

—= Dir of propagation

¥

z

S

X

Fig. 3—Diagram showing position of coordinate system and direction
of propagation chosen for the rectangular waveguide.
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The RF magnetic field in the guide is given by

c %
Wy = by — Ccos—
Ay a
. . ﬂ-x
hy = jln, sin — -
a

Here, %, denotes the magnetic field at the side walls; A,
is the cutoff wavelength, and A, is the propagation
wavelength in the guide. The incident power is given by

2

A
Pin = 1/4-

g

Zodbhw02,

where A denotes free space propagation wavelength, g,
denotes the impedance of free space, b is the height of
the guide, and %, is the amplitude of the magnetic field
at the side walls. With an arbitrary position of the fer-
rite sphere, this yields for the constants K; and K, (13)

Ag
Ky =1/4—z.ab (18a)
A T
cos? —
a
. A2 1
Ky, =1/4 — z0ab (18b)
ANy . T
sin? —
a

with e=h,/jh.=N;/A. tan wx/a, and putting A./\,
=tan «, we obtain

2z0ab Ay sin?
exl — - (193)
Howmly N ( 7rx>
sin? ¢ — —
a
250ab A, sin? a
Qex2 - - (19b)
BowmBy A

X
sin? <a —+ —>
a

The coupling is reciprocal when the sphere is placed
at the center of the guide, or at the side walls. At the
center

2208 A,
Qexl = Qex2 = -
MoWm V5 A
At the side walls
2g0ab A2
Qexl = Qex? = .
Mowmls )\)\g

When A, =X\, the coupling is equal at the center and at
the side walls, and the attenuation formula (7) takes the
Qotowmry A :

form
1+
4 = ngb }\g

L Qotowom?y A <27rx>
1——— —sin{—
zoab A, a

(20)
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Measured values of the attenuation at resonance for an
X-band waveguide at f=9000 Mc, applying a 0.02 inch
diameter YIG sphere and at f=9250 Mc applying a
0.077 inch diameter YIG sphere are plotted in Figs. 4
and 5.

The dashed curves are theoretical curves calculated
from (20). Theoretical and experimental curves are
made to coincide at the point of circularly polarized
fields, which corresponds to a linewidth of 0.94 oersted
for the small sphere and a linewidth of 0.41 oersted for
the larger sphere. ‘Some magnetostatic mode coupling
was present in the measurements on the largest sphere.
The small sphere provides a weak coupling and no points
of infinite damping are present. The larger sphere pro-
vides a very strong coupling with only 1.7 db damping
at the point of circularly polarized fields (gyrator filter)
and two points of infinite damping, one close to the
center and one close to the side wall of the guide. If an
ideal isolator (uniline) should be wanted at 9000 Mc, a
sphere size somewhere between these two should have
to be chosen.

* Attenuation
sof 9 |

A
l
\
\
1

7

1 1
~90 - 30 0 30 60 90

Sphere position I—Bﬂol"

Fig. 4—Attenuation at resonance as a function of sample position
for a 0.02 inch sphere placed in a rectangular waveguide. Fre-
quency f=9000 Mec.

Attenuation ’

0 db ,

\
N

. st A . x

~-30 0 30 €80 ®
Sphere position E}—"

Fig. 5—Attenuation at resonance as a function of sample .position
for a 0.077 inch sphere, placed in a rectangular waveguide. Fre-
quency f=9250 Mc.

/
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It is obvious that similar nonreciprocal band-rejec-
tion filters can be obtained by application of ridge
guides. The field configuration is more complicated and
more difficult to compute accurately than for ordinary
rectangular guides, but a useful method of approximate
field calculation is described by Getzinger.* With nota-
tions as shown in Fig. 6, he has evaluated

g0k H, dcosks/2 | © 2 cos ks/2
By = —— =—.—-———smkcs+2————. —
Ry, Eo b sin k.-l 1w sin kvl
Rz nwd
-sin — sinh ¥, cos —
b b
50k H d cos kex
hy = — A cos k.s/2 {——
koL b sin k.l
© 2k, sinnwd/b nwz
— ————— cosh v, €os - } (21)
1 WTYn sinh v,l b
in which

zo=free space impedance

k=f{ree space wave number

k,=waveguide wave number along y

k.= free space wave number at the cutoff frequency
H,=actual x-component of the magnetic field
H,=actual y-component of the magnetic field
Ey,=electric field at the center, above the ridge

Eq. (21) gives a solution for H, and H, in terms of E,.
The incident power is

]')in=

(Eod). (22)

v
Z,. is the power-voltage impedance and may be calcu-
lated from a formula given by Mihran.

To investigate this coupling, values of the field com-
ponents %, and %, were computed for several values of
x and z for two different ridge guides on the electronic
computer GIER. By use of these results [and (21)] “the-
oretical” attenuation curves for sevetral frequencies were
calculated. Some measurements were also made. The re-
sults from the measurements on a ridge guide with di-
mensions,

a = 22.7T mm
b =10.0 mm
I = 8.6 mm
d= 1.5mm,

4 W. J. Getzinger, “Ridge waveguide field description and appli-
cation to directional couplers,” IRE TrANS. oN MiCROWAVE THEORY
AND TECHNIQUES, vol. MTT-1, pp. 41-50; January, 1962.

5 T. G. Mihran, “Closed and open-ridge waveguide,” Proc. IRE,
vol. 37, pp. 640-644; June, 1949,
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Fig. 6—Ridge guide cross section.
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Fig. 7—Attenuation at resonance as a function of sphere position for
a single ridge guide at the frequency f=9250 Mc. Theoretical
curves for f =6975 Mc and f=9765 Mc are dashed.

, 20 ¥ 20
T V0wl NV Qe
4+ 20, _— 20 7
S = \/Qeleein \/Qex2Qex3

P R

! QO Ot
- PR

Qexl '\/Qeleexz

are plotted in Fig. 7. The 0.077 inch YIG sphere was
used at the frequency of 9250 Mc. Theoretical curves
for 6975 Mc and 9765 Mc, based on a linewidth of 0.43
oersted, are shown as dashed lines for comparison.

DEVELOPMENT OF A TUNABLE CIRCULATOR

A nonreciprocal waveguide junction is easily obtained
by means of ferromagnetic resonance coupling. Consider
the junction shown in Fig. 8. Two rectangular wave-
guides are separated by a thin wall at the junction. The
ferrite sphere is placed in a small hole in the wall at the
coordinates x, v. With matched terminations at all 4
arms, the equivalent circuit shown in Fig. 9 may de-
scribe the coupling at ferromagnetic resonance. The
junction may be described by its scattering matrix
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[511"'5141

Sor -+ §

§=| 21 24"
lssl"'534
Sar v - Sua

If a wave of power Py is incident at port 1, the power
equation yields

Po = Py} Su|?+ Po| Siz|2+ Pol S1s?

+ Po| Su |2+ Poat, (23)
where Pya? is the power absorbed by the ferrite.
According to Figs. 8 and 9 we get
5112_ QO 5122_ QO
a Qi | @ Qexz
SO s LT,
a Qex3 a a Qex4

From (23) and (24) and by a similar reasoning for power
incident at the other ports, we obtain the total scatter-
ing matrix (the ferrite sample is the reference point)

g e 2
\/Qex3Qex4 Qex4
20 L 20

Qex3 ] \/Qex3Qex4

g 20 2

'\/QerQex3 \/Qex2Qex4
y 201 %

/ \/QeleexS - \/Qeleex4

Q: is the total loaded Q. (The sign + depends on the
position of the sphere.)

If the sphere is placed at the point of circularly
polarized fields for both guides (mx/a=wy/a=a), a

resonant circulator is obtained. The scattering matrix
will be

2 2
0, —j——2_, o 129
'\/QeX2Qex4 Qex4
0, o 1, 0
S= 20 2
0, 1-—-2, 0, jo—mt 20
Qex‘l '\/QeXZQe}M
L 0, 0, 0




1964 Skeie: Nonreciprocal Coupling with Ferrites 593

Since the fields at the center of a small hole in an 48 n
infinitely thin wall must be half the field at the wall out- by [/«*
side the hole, the Q-values are readily found to be
. s 1-I¥
sin? o ] : !
Qexl = 4Qex0 J . (".y)l i - Ferrite scmple
L, Ty S S
sin? { @ — -~ ; | | l
a [ 1 |
1
sin?
Qexz = 4erxO D
T
sin? (a + ——) ~ [
a ¥ n
- Fig. 8—Nonreciprocal rectangular waveguide junction.
sin? o
Qex3 = 4QexO - T
. T
sin? (a — —~>
a
sin? o
Qex4 = 4Qex0 R (25)
. Ty
sin? (a + —~> Z
a o
where
2z0ab A,
ex0 — -
Howmls A
when it is assumed that the two guides have equal
dimensions.
An experimental circulator of this kind was con-
structed by use of X-band waveguides and a 0.077 inch
diameter YIG sphere. The waveguide junction con-
struction is shown in Fig. 10. The insertion wall is 0.1
mm thick and the hole has a diameter of 3.5 mm. The Z, Z,

hole is placed half way between the center and the side
wall of each guide, which yields circularly polarized
fields for «=45°, or A, =X\, Z.e., at approximately 9250 Fig. 9—Four-arm waveguide junction, equivalent circuit.
Mec. The theoretical scattering matrix, based on an

unloaded Q of the sphere of 8100 was calculated for

9250 Mec.

0, —j0835 0, 0163
0, 0 1,0
Stheores = | . .
0, 0.165, 0, 0.835
[17 07 O;» 0 }

Coupling through the hole without ferrite is neglected.
The following scattering matrix was measured.

{0.05, —j0.84,  —70.08,  0.156 ]
_ 1(0.06)  (—0.025)  (0.96) (0.07) J
- kjo.og 0.18 0.05 70.835 ’

1(0.96)  (—350.05) (—;0.05)  (—0.025) ]

.

6 H. A, Bethe, “Theory of diffraction by small holes,” Phys. Rev., Fig. 10—Photograph showing the experimental waveguide junction
vol. 66, nos. 7 and 8, pp. 163—-173; Oct. 1 and 15, 1944, construction (disassembled).
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Fig. 11—Transmitted power from port I to port II as a function of
magnet current at 9250 Mc.
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We see that the sphere of 0.077 inch diameter is not
large enough to get better isolation than 16-17 db, for
transmission 1-2. The best way to get large enough
coupling to increase this value considerably, and at the
same time avoid too much magnetostatic mode coupling
and coupling outside resonance, would probably be to
apply two spheres, one on each side of the intersection
wall. The band-pass curve should then get the form of
a typical two-resonator response curve. A reduction of
the guides height should also be preferred to get larger
coupling and to minimize the weight and dimensions of
the dc magnet,

CONCLUSIONS

Nonmechanically tuned, narrow band filters are of
considerable interest for application in microwave cir-
cuits. The use of nonreciprocal coupling should con-
tribute to expand the range of applicability of these
filters. On the basis of the coupling structures described
in this paper it is possible to construct

TABLE [
THEORETICAL AND EXPERIMENTAL REFLECTION AND TRANSMISSION COEFFICIENTS OF AN X-BAND WAVEGUIDE JuncrioN AT 8000 Mc.

Theoretical Values Measured Values
Reflection Syt — 0.148 or VSWR 1.35 VSWR 1.22
Transmission Si» —70.835 or damping 1.6 db damping 1.9 db
Transmission Si; —30.148 or damping 16.6 db damping 17.7 db
Transmission S 0.165 or damping 15.7 db damping 17.9 db
Reflection  Sa» — 0.148 or VSWR  1.35 VSWR  1.27
Transmission .S2; 70.026 or damping 31.7 db damping 21.7 db
Transmission Sa; 0.974 or damping 0.23 db damping 0.2 db
Transmission Say 70.148 or damping 16.6 db damping 18.5 db

The values within the brackets have probably been
influenced by magnetostatic mode coupling, which was
present to some extent (about 20 db weaker than the
main resonance).

The isolation outside resonance was measured and
found to be 28-35 db. The 3-db bandwidth for trans-
mission 1-2 was measured as 7.2 Mc, which agrees very
well with the theoretical value. The band-pass curve for
transmission 1-2 is shown in Fig. 11.

To investigate how the junction could work as a tun-
able circulator filter, it was tuned to ferromagnetic
resonance at 8000 Mc and measurements of transmis-
sion coefficients were made. A calculation of some trans-
mission coefficients was also made on the basis of the
theoretical formulas. Theoretical and experimental
values are listed in Table I. A somewhat larger magneto-
static mode coupling occurred at this frequency.

The calculated and experimental results show that the
circulator should operate fairly well within the tuning
range 8000-11,000 Mec.

1) Stop-band filters with no reflection at the input
(resonant isolators).

Frequency dependent phase shifters (gyrator
filters).

4-port resonant circulators which also can be used
as frequency selective switches or dividers. (It is
possible to pick out the signal at a particular fre-
quency or a narrow band of frequencies, leaving
the signals present at other frequencies undis-
turbed in the input guide and with no reflection of
the separated signal.)

2)

3)

4) Reflection-free resonant power limiters.
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